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Objectives

Present an introduction to some of the most important
features of the Extended Relativity theory in Clifford-spaces
(C -spaces)

Show that C-space ”point” coordinates are non-commuting
Clifford-valued quantities which incorporate lines, areas,
volumes, hyper-volumes.... degrees of freedom associated with
the collective particle, string, membrane, p-brane,... dynamics
of p-loops (closed p-branes) in D-dimensional target
spacetime backgrounds

C -space Relativity naturally incorporates the ideas of an
invariant length (Planck scale), maximal acceleration,
non-commuting coordinates, supersymmetry, holography,
higher derivative gravity with torsion and variable
dimensions/signatures.

It permits to study the dynamics of
all (closed) p-branes, for all values of p, on a unified footing!
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Some problems it solves

1 It resolves the ordering ambiguities in QFT

2 It proposes a possible solution to the problem of time in
Cosmology

3 It admits superluminal propagation ( tachyons ) without
violations of causality
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Some additional physical properties

1 A maximal-acceleration Relativity principle in phase-space

2 Relativity of signatures in spacetime

3 Maxwell theory of Electrodynamics of point charges is
generalized to a theory in C -spaces that involves extended
charges coupled to antisymmetric tensor fields of arbitrary
rank

4 C-space Relativity involves a generalization of Lorentz
invariance (and not a deformation of such symmetry) involving
superpositions of p-branes (p-loops) of all possible dimensions

5 The Conformal Group of four-dimensional spacetime is a
consequence of the Clifford algebra in four-dimensions

6 Objects move dilationally because of inertia

7 Higher derivative Gravity with Torsion in ordinary spacetime
emerges naturaly from the Geometry of curved C-space
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From Minkowski Spacetime to Clifford spaces

Firstly, we create an extended relativity theory in C-spaces,
but a natural generalization of the notion of the spacetime
interval in Minkwoski space to a manifold we call C-space
(C -spaces)requires extended objects.

We need polyvectors!

What is a polyvector?

The Clifford valued polyvector is a sum:

X = XMEM = σ1+xµγµ+xµνγµ∧γν+...+xµ1µ2....µDγµ1∧γµ2 ....∧γµD

Interpretation: a point in a manifold, called Clifford space,
C -space has coordinates XM .

The series of terms at a finite grade depending on the
dimension D. A Clifford algebra Cl(r , q) with r + q = D has
2D basis elements.
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From Minkowski Spacetime to Clifford spaces(II)

For simplicity, the gammas γµ correspond to a Clifford algebra
associated with a flat spacetime {γµ, γν} = 2ηµν .

But...We
can use the construction with curved spacetimes as well! with
metric

{γµ, γν} = 2gµν

Einstein introduced the speed of light as a universal absolute
invariant in order to unite space with time (to match units)
in the Minkwoski space interval:

ds2 = c2dt2 + dxidx i

The C-space interval

The C-space interval generalizes Minkovskian spacetime:

dX 2 = dσ2 + dxµdxµ + dxµνdxµν + ...
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From Minkowski Spacetime to Clifford spaces(III)

Alternative procedure:

1 Take the differential dX of X .

Compute the scalar
< dX †dX >0≡ dX † ∗ dX ≡ |dX |2 and obtain the C-space
extension of the particles proper time in Minkwoski space

2 The symbol X † denotes the reversion operation and involves
reversing the order of all the basis γµ elements in the
expansion of X .It is the analog of the transpose (Hermitian)
conjugation

3 The C-space metric associated with a polyparticle motion is
then :

|dX |2 = GMN dXMdXN (1)

where GMN = E †M ∗ EN is the C -space metric.

|dX |2 = dσ2+L−2dxµdxµ+L−4dxµνdxµν+...+L−2Ddxµ1...µD dxµ1...µD

(2)
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From Minkowski Spacetime to Clifford spaces(IV)

Neccesary introduction:

Planck scale L. It is length
parameter is needed in order to tie objects of different
dimensionality together: 0-loops, 1-loops,..., p-loops.

This procedure can be carried to all closed p-branes (p-loops)
where the values of p are p = 0, 1, 2, 3, .... The p = 0 value
represents the center of mass and the coordinates xµν , xµνρ...
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Connection to strings and p-branes

Closed string ( 1-loop) in D-dimensions is represented by
projections xµν :

areas enclosed by the projections of the
closed string (1-loop) onto the corresponding embedding
spacetime planes (antisymmetric variables).

Closed membrane ( 2-loop) in D-dim flat spacetime is
represented by the antisymmetric variables xµνρ: volumes
enclosed by the projections of the 2-loop along the
hyperplanes of the flat target spacetime background.

Note that D- Planck scale is LD = (GN)1/(D−2). In natural
units ~ = c = 1, taking the limit D =∞, transform our finite
LD into L∞ = G 0 = 1 (assuming a finite value of G ).
Conclusion: in D =∞ the Planck scale has the natural value
of unity. ( To avoid any serious algebraic divergence problems
we shall focus solely on a finite value of D.)
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Lorentz-like polyrotations in C-spaces

C-space polyrotation

The analog of Lorentz transformations in C-spaces which transform
a polyvector X into another polyvector X ′ is given by

X ′ = RXR−1

Theta boosts

R = eθ
AEA = exp [(θI + θµγµ + θµ1µ2γµ1 ∧ γµ2 .....)

R−1 = e−θ
AEA = exp [−(θI + θνγν + θν1ν2γν1 ∧ γν2 .....)

where the theta parameters are the components of the
Clifford-valued parameter Θ = θMEM : θ; θµ; θµν ; .... and they are
the C-space version of the Lorentz rotations/boosts parameters.
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Lorentz-like polyrotations in C-spaces(II)

The analog of an orthogonal matrix in Clifford spaces is R† = R−1

such that

< X ′†X ′ >s=< (R−1)†X †R†RXR−1 >s=

< RX †XR−1 >s=< X †X >s= invariant

R† = R−1 , will restrict the type of terms allowed inside the
exponential defining the rotor R because the reversal of a p-vector
obeys the identity

(γµ1 ∧ γµ2 ..... ∧ γµp)† =

γµp ∧ γµp−1 ..... ∧ γµ2 ∧ γµ1 =

(−1)p(p−1)/2γµ1 ∧ γµ2 ..... ∧ γµp
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Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[θAEA].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : ||X ||2 = Trace X 2

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X ′
2

= Trace [RX 2R−1] = Trace [RR−1X 2] = Trace X 2

Norms (traces) are invariant and RR−1 = 1
Polyrotations of polyvectors preserve the norm:

||X ′2|| =< X
′†X ′ >s=< R−1†X †R†RXR−1 >s=

< RX †XR−1 >s=< X †X >s= ||X 2|| ↔
< RX †XR−1 >s=< X †X >s Q.E.D.
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[θAEA].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : ||X ||2 = Trace X 2

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X ′
2

= Trace [RX 2R−1] = Trace [RR−1X 2] = Trace X 2

Norms (traces) are invariant and RR−1 = 1
Polyrotations of polyvectors preserve the norm:

||X ′2|| =< X
′†X ′ >s=< R−1†X †R†RXR−1 >s=

< RX †XR−1 >s=< X †X >s= ||X 2|| ↔
< RX †XR−1 >s=< X †X >s

Q.E.D.
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The Polyparticle Dynamics in C-space

1 An extended object is modeled by the components
σ, xµ, xµν , ... of the Clifford valued polyvector

2 From Minkowski spacetime, can in general be localized not
only along space-like, but also along time-like directions.E.g.:
we have “instantonic” p-loops ( space-like or time-like ), long
and finite (solitonic) tube-like objetcs.

3 In Minkowski spacetime M4 –which is a subspace of C -space–
we observe the intersections of Clifford lines with M4 lines.

All
conservation laws hold in C -space where we have infinitely
long world “lines” or Clifford,and some intersections appear as
localized extended objects, p-loops, . . . .
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The Polyparticle Dynamics in C-space: action principle

Extended object’s action principle

I = κ

∫
dτ (Ẋ † ∗ Ẋ )1/2 = κ

∫
dτ (ẊAẊA)1/2

where κ is a constant, “mass”-like term in C -space, and τ is an
arbitrary parameter.

The C -space velocities ẊA = dXA/dτ = (σ̇, ẋµ, ẋµν , ...) are also
called “holographic” velocities.

Extended object’s equations of motion

d

dτ

(
ẊA√
ẊB ẊB

)
= 0
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ẊA√
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Remarks

Important remarks:

Taking ẊB ẊB = constant 6= 0 we have that ẌA = 0, so that
xA(τ) is a straight worldline in C -space.

The components xA then change linearly with the parameter
τ .

The extended object position xµ, effective area xµν , 3-volume
xµνα, 4-volume xµναβ , etc., they all change with time.

Faster than light motion is possible in C-space!
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Motion in C-space

A polyparticle can be accelerated to faster than light speeds as
viewed from a 4-dimensional Minkowski space, which is a subspace
of C -space.

Canonical momentum of the polyparticle action

PA =
κẊA

(ẊB ẊB)1/2

When the denominator is zero the momentum becomes infinite. It
happens when it reaches the maximum speed that an object
accelerating in C -space can reach.
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Motion in C-space(II)

Line element and polymomentum

dXAdXA = dσ2 +

(
dx0

L

)2

−
(

dx1

L

)2

−
(

dx01

L2

)2

....+

(
dx12

L2

)2

−

(
dx123

L3

)2

−
(

dx0123

L4

)2

+ ... = 0

Vanishing of ẊB ẊB is equivalent to vanishing of the above
C -space line element and by “...” we mean the terms with the
remaining components such as x2, x01, x23,..., x012, etc.

The C-space metric is GMN = E †M ∗ EN and if the dimension
of spacetime is 4, then x0123 is the highest grade coordinate.
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Motion in C-space(III)

Polyvelocity

V 2 = −
(

L
dσ

dt

)2

+

(
dx1

dt

)2

+

(
dx01

L2

)2

...

−
(

1

L

dx12

dt

)2

+

(
1

L2

dx123

dt

)2

+

(
1

L3

dx0123

dt

)2

− ...

We find that the maximum speed is the maximum speed is given
by V 2 = c2 The maximum speed squared V 2 contains not only the
components of the 1-vector velocity dx1/dt, but also the
multivector components such as dx12/dt, dx123/dt, . . . The
following special cases when only certain components of the
velocity in C -space are different from zero, are of particular
interest.
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Motion in C-space(IV)

Maximum 1-vector speed

dx1

dt
= c = 3.0× 108m/s

Maximum 3-vector speed

dx123

dt
= L2c = 7.7× 10−62m3/s

And we have as well...
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Motion in C-space(IV)

Maximum 3-vector diameter speed

d
3
√

x123

dt
= 4.3× 10−21m/s

Maximum 4-vector speed

dx0123

dt
= L3c = 1.2× 10−96m4/s
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Motion in C-space(V)

Some additional remarks follow:

The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M4.

In C -space a particle has extra degrees of freedom, besides
the translational degrees of freedom.

In C -space the dynamics refers to a larger space. Minkowski
space is just a subspace of C -space. So...

Tachyon dynamics and causality breakdown should be revised
from a C-space framework!
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Motion in C-space(V)

Some additional remarks follow:

The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M4.

In C -space a particle has extra degrees of freedom, besides
the translational degrees of freedom.

In C -space the dynamics refers to a larger space. Minkowski
space is just a subspace of C -space. So...

Tachyon dynamics and causality breakdown should be revised
from a C-space framework!
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Clifford algebra based geometric calculus in curved
space(time)

1 Clifford algebra is a very useful tool for description of
geometry, especially of curved space Vn.

2 Let the vector fields γµ, µ = 1, 2, ..., n be a coordinate basis in
Vn satisfying the Clifford algebra relation

γµ · γν ≡
1

2
(γµγν + γνγµ) = gµν

where gµν is the metric of Vn. In curved space γµ and gµν
cannot be constant but necessarily depend on position xµ.

An
arbitrary vector is a linear superposition

a = aµγµ

where the components aµ are scalars from the geometric point
of view, whilst γµ are vectors.
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Clifford algebra based geometric calculus in curved
space(time)(II)

Vector derivative

∂ ≡ γµ∂µ
where ∂µ is an operator whose action depends on the quantity it
acts on

Applying the vector derivative ∂ on a scalar field φ we have

∂φ = γµ∂µφ

where ∂µφ ≡ (∂/∂xµ)φ coincides with the partial derivative of φ.
But if we apply it on a vector field a we have

∂a = γµ∂µ(aνγν) = γµ(∂µaνγν + aν∂µγν)

In general γν is not constant; it satisfies the relation

∂µγν = Γαµνγα ∂µγ
ν = −Γνµαγ

α
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Covariant derivatives with Clifford calculus(I)

∂a = γµγν(∂µaν + Γνµαaα) ≡ γµγνDµaν = γµγνDµaν

where Dµ is the covariant derivative of tensor analysis.
Decomposing the Clifford product γµγν into its symmetric and
antisymmetric part

γµγν = γµ · γν + γµ ∧ γν

where

γµ · γν ≡ 1

2
(γµγν + γνγµ) = gµν

is the inner product and

γµ ∧ γν ≡ 1

2
(γµγν − γνγµ)

the outer product, so
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Covariant derivatives with Clifford calculus(II)

∂a = gµν Dµaν + γµ ∧ γνDµaν = Dµaµ +
1

2
γµ ∧ γν(Dµaν − Dνaµ)

Without employing the expansion in terms of γµ we have simply

∂a = ∂ · a + ∂ ∧ a

Acting twice on a vector by the operator ∂ we have

∂∂a = γµ∂µ(γν∂ν)(aαγα) = γµγνγαDµDνaα
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1

2
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= γαDµDµaα + γµ(Rµρaρ + K ρ
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µνρaρ + K ρ
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Curvature, torsion and final results

From the equation:

[Dµ,Dν ]aα = Rµνρ
αaρ + Kµν

ρDρaα

We have the curvature Rµνρ
α = ([∂α, ∂β]γµ) · γν

and

the torsion
Kµν

ρ = Γρµν − Γρνµ
The result for arbitrary covariant derivatives acting onto an
r -vector A = aα1...αrγα1γα2 ...γαr is:

∂∂...∂A = (γµ1∂µ1)(γµ2∂µ2)...(γµk∂µk )(aα1...αrγα1γα2 ...γαr )

= γµ1γµ2 ...γµkγα1γα2 ...γαr Dµ1Dµ2 ...Dµk aα1...αr
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Clifford algebra based geometric calculus

If we rewrite H as H = Λ
2 p2 where p = γµpµ is the momentum

vector,

we find that there is no ambiguity in writing the square
p2!When acting with H on a scalar wave function φ we obtain the
unambiguous expression

Hφ =
Λ

2
p2φ =

Λ

2
(−i)2(γµ∂µ)(γν∂ν)φ = −Λ

2
DµDµφ

in which there is no curvature term R. We expect that a term with
R will arise upon acting with H on a spinor field ψ.
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Curvature of C -space and spacetime curvature

Let be a polyvector A = AAEA = sγ + aαγα + aαβγα ∧ γβ + ...

The polyderivative

DAA

DXB
=
∂AA

∂XB
+ Γ̃A

BCAC

where we defined
DAA

Dxµν
= [Dµ,Dν ]AA
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Curvature of C -space and spacetime curvature(II)

Ds

Dxµν
= [Dµ,Dν ]s = Kµν

ρ∂ρs

Daα

Dxµν
= [Dµ,Dν ]aα = Rµνρ

αaρ + Kµν
ρDρaα

Ds

Dxµν
=

∂s

∂xµν

Daα

Dxµν
=

∂aα

∂xµν
+ Γ̃α[µν]ρaρ =

∂aα

∂xµν
+ Rµνρ

αaρ

where Γ̃α[µν]ρ has been identified with curvature.

The dependence of
coefficients s and aα on xµν indicates the presence of torsion. On
the contrary, when basis vectors γα depend on xµν this indicates
that the corresponding vector space has non vanishing curvature.
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The momentum constraint in C -space

The D=4 polyvector

X = σ + xµγµ + γµν γµ ∧ γν + ξµγ5γµ + sγ5

The D=4 polymomentum

P = µ+ pµγµ + Sµνγµ ∧ γν + πµγ5γµ + mγ5

Note the absent extra terms in Minkovskian relativity

The D=4 polymomentum constraint

PAPA = µ2 + pµpµ − 2SµνSµν + πµπ
µ −m2 = M2
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C-space Klein-Gordon and Dirac Wave Equations

Polymomentum correspondence principle

PA → −i
∂

∂XA
= −i

(
∂

∂σ
,
∂

∂xµ
,
∂

∂xµν
, ...

)
Ψ(xµ)→ Ψ(xA)

C-space Klein-Gordon wave equation(
∂2

∂σ2
+

∂2

∂xµ∂xµ
+

∂2

∂xµν∂xµν
+ ...+ M2

)
Φ = 0

C-space Dirac wave equation

−i

(
∂

∂σ
+ γµ

∂

∂xµ
+ γµ ∧ γν ∂

∂xµν
+ ...

)
Ψ = MΨ

Note we used natural units in which ~ = 1, c = 1
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Clifford algebras in Phase space

In 2-dim phase space we have...

C-phase space relations

epeq = ep.eq + ep ∧ eq = 0 + ep ∧ eq = i

ep.eq ≡
1

2
(eqep + epeq) = 0 Q = qeq + peq

dQdQ = (dq)2 + (dp)2 ⇒ S = m

∫ √
(dq)2 + (dp)2

C-phase space action in 2n-dimensions(Nesterenko)

S = m

∫ √
(dqµdqµ) + (

L

m
)2(dpµdpµ)
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Nesterenko action in C-spaces and Finsler geometry

Nesterenko action: alternative forms

S = m

∫
dτ

√
1 + (

L

m
)2(dpµ/dτ)(dpµ/dτ)

S = m

∫
dτ
√

1 + L2(d2xµ/dτ2)(d2xµ/dτ2)

Nesterenko action and Finsler geometry

S = m

∫
dτ
√

1 + a−2(d2xµ/dτ2)(d2xµ/dτ2) = m

∫
dτ

√
1− g 2

a2

dω =
√

gµν(xµ, dxµ)dxµdxν → S = m

∫
dω ↔ Finsler metric
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Invariance under the U(1, 3) Group

Phase spacetime interval(Born,Low,...)

(dσ)2 = (dT )2 − (dX )2 +
(dE )2 − (dP)2

b2
=

(dτ)2[1 +
(dE/dτ)2 − (dP/dτ)2

b2
] = (dτ)2[1− m2g 2(τ)

m2
PA2

max

]

Phase spacetime rapidities

ξ ≡
√
ξ2
v

c2
+
ξ2
a

b2
tanh ξ =

ma

mPAmax

where Amax = c2/LP and we have a maximal force
Fmax = mPAmax
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Phase space relativistic transformations

Born’s duality

(T ,X )→ (E ,P) (E ,P)→ (−T ,−X )

Pure acceleration boosts (Generalized Born transformations)

T ′ = Tcoshξ +
P

b
sinhξ E ′ = Ecoshξ − bXsinhξ

X ′ = Xcoshξ − E

b
sinhξ P ′ = Pcoshξ + bTsinhξ

Composition rules for boosts

ξ′′ = ξ + ξ′ ⇒ tanhξ′′ = tanh(ξ + ξ′) = tanhξ+tanh ξ′

1+tanhξtanhξ′ ⇒

ma′′

mPA
=

ma
mPA

+ ma′
mPA

1+ m2aa′
m2
P
A2

, ξ′′v = ξv + ξ′v , ξ
′′
a = ξa + ξ′a, ξ

′′ = ξ + ξ′
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Planck-Scale Areas are invariant under Acceleration Boosts

∆T ′ = LP(coshξ + sinhξ), ∆E ′ = 1
LP

(coshξ − sinhξ)

∆X ′ = LP(coshξ − sinhξ), ∆P ′ = 1
LP

(coshξ + sinhξ)

∆X ′∆P ′ = 0×∞ = ∆X ∆P(cosh2ξ − sinh2ξ) = ∆X ∆P =
LP
LP

= 1

∆T ′∆E ′ =∞× 0 = ∆T ∆E (cosh2ξ − sinh2ξ) = ∆T ∆E =
LP
LP

= 1

∆X ′∆T ′ = 0×∞ = ∆X ∆T (cosh2ξ − sinh2ξ) = ∆X ∆T =
(LP)2

∆P ′∆E ′ =∞×0 = ∆P∆E (cosh2ξ− sinh2ξ) = ∆P∆E = 1
L2
P

are invariant under infinite acceleration boosts since
(coshξ + sinhξ)(coshξ − sinhξ) = cosh2ξ − sinh2ξ = 1
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Planck-Scale Areas are invariant under Acceleration Boosts

∆T ′ = LP(coshξ + sinhξ), ∆E ′ = 1
LP

(coshξ − sinhξ)

∆X ′ = LP(coshξ − sinhξ), ∆P ′ = 1
LP

(coshξ + sinhξ)

∆X ′∆P ′ = 0×∞ = ∆X ∆P(cosh2ξ − sinh2ξ) = ∆X ∆P =
LP
LP

= 1

∆T ′∆E ′ =∞× 0 = ∆T ∆E (cosh2ξ − sinh2ξ) = ∆T ∆E =
LP
LP

= 1

∆X ′∆T ′ = 0×∞ = ∆X ∆T (cosh2ξ − sinh2ξ) = ∆X ∆T =
(LP)2

∆P ′∆E ′ =∞×0 = ∆P∆E (cosh2ξ− sinh2ξ) = ∆P∆E = 1
L2
P

are invariant under infinite acceleration boosts since
(coshξ + sinhξ)(coshξ − sinhξ) = cosh2ξ − sinh2ξ = 1
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C-space Maxwell Electrodynamics(I)

1 C-space electrodynamics generalize Maxwell’s theory:

F = dA, dF = 0

2 Abelian C-space electrodynamics is based on the polyvector
field

A = ANEN = φ1 + Aµγ
µ + Aµνγ

µ ∧ γν + ... = (φ,Aµ,Aµν , ...)

3 Defining the C-space operator (M,N = 1, 2, . . . , 2D)

d = EM∂M = 1∂σ + γµ∂xµ + γµ ∧ γν∂xµν + ...

4 The generalized field strength in C-space is:

F = dA = EM∂M(ENAN) = EMEN∂MAN =

1

2

{
EM ,EN

}
∂MAN +

1

2

[
EM ,EN

]
∂MAN =

1

2
F(MN)

{
EM ,EN

}
+

1

2
F[MN]

[
EM ,EN

]
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

C-space Maxwell Electrodynamics(II)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product

F(MN) =
1

2
(∂MAN + ∂NAM) F[MN] =

1

2
(∂MAN − ∂NAM)

and now...

C-space Maxwell-like action

I [A] =

∫
[DX ]F[MN]F

[MN]

with measure

[DX ] ≡ (dσ)(dx0dx1...)(dx01dx02...)....(dx012...D)
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C-space Maxwell Electrodynamics(III)

The C-space Maxwell action is invariant under...

C-space gauge transformations

A′M = AM + ∂MΛ

and the minimal matter-field coupling interacting term after
absorbing constants is similar to the coupling of p-branes to
antisymmetric fields!∫

AMdXM =

∫
[DX ]JMAM
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C-space Maxwell Electrodynamics(IV):equations and
generalizations

C-space Maxwell equations

∂MF [MN] = JN ∂N∂MF [MN] = 0 = ∂NJN = 0

C-space generalized actions and equations

The C-space Maxwell action is only a piece of the more general
C-space action:

I [A] =

∫
[DX ] F † ∗ F =

∫
[DX ] < F †F >scalar

and the non abelian equations should be written as

F = DA = (dA + A • A) EM • EN = EMEN − (−1)sM sN ENEM
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The Cl(1,3) algebra in D=4

The Clifford Cl(1, 3) algebra associated with the tangent space of
a 4D spacetime M is defined by {Γa, Γb} = 2ηab such that

[Γa, Γb] = 2Γab, Γ5 = −i Γ0 Γ1 Γ2 Γ3, (Γ5)2 = 1; {Γ5, Γa} = 0

Γabcd = εabcd Γ5; Γab =
1

2
(ΓaΓb − ΓbΓa)

Γabc = εabcd Γ5 Γd ; Γabcd = εabcd Γ5

Γa Γb = Γab + ηab; Γab Γ5 =
1

2
εabcd Γcd

Γab Γc = ηbc Γa − ηac Γb + εabcd Γ5 Γd ;

Γc Γab = ηac Γb − ηbc Γa + εabcd Γ5 Γd

Γa Γb Γc = ηab Γc + ηbc Γa − ηacΓb + εabcd Γ5 Γd

Γab Γcd = εabcd Γ5 −4δ
[a
[c Γ

b]
d ] −2δabcd ; δabcd =

1

2
(δac δ

b
d − δad δ

b
c )
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The Cl(1,3) polyvectors

The C-space antihermitian gauge field 1-form

A =

(
i aµ 1 + i bµ Γ5 + eaµ Γa + i f a

µ Γa Γ5 +
1

4
ωab
µ Γab

)
dxµ

The C-space strength 2-form

Fµν = i F 1
µν 1 + i F 5

µν Γ5 + F a
µν Γa + i F a5

µν Γa Γ5 +
1

4
F ab
µν Γab

where F = 1
2 Fµν dxµ ∧ dxν
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2-form C-space curvature

The C-space strength 2-form components

F 1
µν = ∂µaν − ∂νaµ; F 5

µν = ∂µbν − ∂νbµ + 2eaµfνa − 2eaν fµa

F a
µν = ∂µeaν − ∂νeaµ + ωab

µ eνb − ωab
ν eµb + 2f a

µ bν − 2f a
ν bµ

F a5
µν = ∂µf a

ν − ∂ν f a
µ + ωab

µ fνb − ωab
ν fµb + 2eaµbν − 2eaνbµ

F ab
µν = ∂µω

ab
ν + ωac

µ ω
b

νc + 4
(

eaµebν − f a
µ f b
ν

)
− µ←→ ν.

We have obtained Maxwell electromagnetism plus additional extra
terms
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The Cl(1,3) scalar matter field

The C-space dimensionless anti-Hermitian scalar matter field
polyvector

Φ(xµ) = ΦA(xµ) ΓA

Φ = i φ(1) 1 + φa Γa + φab Γab + i φa5 Γa Γ5 + i φ(5) Γ5

so that the covariant exterior differential is

dA Φ = (dA ΦC ) ΓC =
(
∂µ ΦC + AA

µ ΦB f C
AB

)
ΓC dxµ

where

[Aµ, Φ] = AA
µ ΦB [ΓA, ΓB ] = AA

µ ΦB f C
AB ΓC
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The C(1,3) actions

The C-space scalar piece of the action

I1 =

∫
M4

d4x εµνρσ < ΦA FB
µν FC

ρσ ΓA ΓB ΓC >0

where the operation < ....... >0 denotes taking the scalar part of
the Clifford geometric product of ΓA ΓB ΓC

The C-space Chern-Simons type piece

I2 =

∫
M4

< ΦE dΦA ∧ dΦB ∧ dΦC ∧ dΦD Γ[E ΓA ΓB ΓC ΓD] >0
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The C(1,3) actions(II)

The Higgs potential type piece

I3 = −
∫
M5

< dΦA∧dΦB∧dΦC∧dΦD∧dΦEΓ[AΓBΓCΓDΓE ] >0 V =

−
∫
M5

dΦ5 ∧ dΦa ∧ dΦb ∧ dΦc ∧ dΦd εabcd V (Φ) + ...

where

V = V (Φ) = κ
(

ΦA ΦA − v2
)2

and

ΦA ΦA = φ(1) φ(1) + φa φa + φab φab + φa5 φa5 + φ(5) φ(5)
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Final action

The total action in D=4 is then

I1+I2+I3 =
4

5
v

∫
M

d4x
(

F ab ∧ F cdεabcd + F (1) ∧ F (5) + F a ∧ F a5
)

=

4

5
v

∫
M

d4x
(

F ab
µν F cd

ρσ εabcd + F (1)
µν F (5)

ρσ + F a
µν F a5

ρσ

)
εµνρσ

Einsteins’s convention is assumed on indices
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Field equations

Varying I1 + I2 + I3 w.r.t the remaining scalars φ1, φa, φab, φa5, and
taking into account the v.e.v which minimize the potential,

< φ(5) >= v;< φ(1) >=< φa >=< φab >=< φa5 >= 0

Field equations

2 F a
b∧F b

a + F (1)∧F (1) + F (5)∧F (5) + F a∧Fa + F a5∧Fa5 = 0

F (1) ∧ F a + F ab ∧ F c ηbc = 0

F (1) ∧ Fab + F c ∧ F d5 εabcd = 0

F (1) ∧ Fa5 + F bc ∧ F d εabcd = 0
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Generalized polyvector valued gauge fields

X = ϕ 1 + xµ γ
µ + xµ1µ2 γ

µ1∧γµ2 + xµ1µ2µ3 γ
µ1∧γµ2∧γµ3 + ...

E.g.: Polyvector valued gauge field in Cl (5,C)

AM(X) = AI
M(X) ΓI is spanned by 16 + 16 generators. The

expansion of the poly-vector AI
M is also of the form

AI
M = ΦI 1 + AI

µ γ
µ + AI

µ1µ2
γµ1∧γµ2 + AI

µ1µ2µ3
γµ1∧γµ2∧γµ3 + ...

Remember: In order to match units, a length scale needs to be
introduced in the expasion.The Clifford-algebra-valued gauge field
AI
µ(xµ)ΓI in ordinary spacetime is naturally embedded into a far

richer object AI
M(X) .The scalar ΦI admits the 25 = 32

components φ, φi , φ[ij], φ[ijk], φ[ijkl ], φ[ijklm] of Cl(5,C ) space!
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Summary and conclusions:C-space as an alternative tool
for unification

The advantage of recurring to C -spaces associated with the
4D spacetime manifold is that one can have a (complex)
Conformal Gravity, Maxwell and U(4)× U(4) Yang-Mills
unification in a very geometric fashion.

Every physical quantity is a polyvector!( Scalar, vector,
bivector,...,r-vector,...,pseudovector)

C-space dynamics is richer than ordinary Minkovskian
dynamics. It has extra terms without any dimensional
reduction, both in C-space gravity and C-space
electrodynamics and YM like theories.

Tachyon dynamics and known physical mechanisms ( Higgs,
CS terms, field equations ...) should be revised from this
framework.

Planck areas are invariant under infinite boosts rotations.
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Summary and conclusions:C-space as an alternative tool
for unification

The advantage of recurring to C -spaces associated with the
4D spacetime manifold is that one can have a (complex)
Conformal Gravity, Maxwell and U(4)× U(4) Yang-Mills
unification in a very geometric fashion.

Every physical quantity is a polyvector!( Scalar, vector,
bivector,...,r-vector,...,pseudovector)

C-space dynamics is richer than ordinary Minkovskian
dynamics. It has extra terms without any dimensional
reduction, both in C-space gravity and C-space
electrodynamics and YM like theories.

Tachyon dynamics and known physical mechanisms ( Higgs,
CS terms, field equations ...) should be revised from this
framework.

Planck areas are invariant under infinite boosts rotations.
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Conclusions(II):C-space as an alternative tool for
unification(II)

A maximal force ( accelaration) principle and phase space
duality are present in the theory.

We saw how the order ambiguity used using Clifford calculus
is solved and how the torsion neccesarily appeared in the
gravitational sector.

A unified description of all p-branes and dimensions on equal
footing.

Polyvector actions as toy models and relations the Standard
Model. Although Cl(1,3) is not enough for unification with
gravity, further Clifford algebras and groups could accomplish
it!
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Additionat features of C-spaces not revised here...

1 Relativity of signature.

2 Relations between conformal transformations and
C-spaces.

SO(4,2) full group interpretation.

3 Spinors are the members of left or right minimal ideals of
Clifford algebra.

4 A lower and upper scale parameters.

5 Non-commutative, non-associative C-space dynamics. Loop
dynamics.

6 The cosmological constant and confinement “problems”.
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Additionat features of C-spaces not revised here...

1 Relativity of signature.

2 Relations between conformal transformations and
C-spaces.SO(4,2) full group interpretation.

3 Spinors are the members of left or right minimal ideals of
Clifford algebra.

4 A lower and upper scale parameters.

5 Non-commutative, non-associative C-space dynamics. Loop
dynamics.

6 The cosmological constant and confinement “problems”.
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6 The cosmological constant and confinement “problems”.
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Present and future research on C-spaces

Polyvector valued gauge valued fields and generalized YM
theories. Confinement.

Gravity plus SM from a C-space action without or with
dimensional reduction.

Generalized description of p-branes from Clifford spaces.

Finsler like geometry and reciprocal relativity in C-spaces.

Model building and predictions/explanations of phenomena
from Clifford space relativity.

Relation with quaternionic, octonionic, doubly special
relativities...
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Index Introduction C-spaces Quantization Max-Accel C-space ED Cliff-Unification Conclusions

Present and future research on C-spaces

Polyvector valued gauge valued fields and generalized YM
theories. Confinement.

Gravity plus SM from a C-space action without or with
dimensional reduction.

Generalized description of p-branes from Clifford spaces.

Finsler like geometry and reciprocal relativity in C-spaces.

Model building and predictions/explanations of phenomena
from Clifford space relativity.

Relation with quaternionic, octonionic, doubly special
relativities...
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SPACES” by C. Castro, M. Pavšič Progress in Physics 1 (2005) 31
and the paper “The Clifford Space Geometry of Conformal
Gravity and U(4)× U(4) Yang-Mills Unification” by Carlos
Castro, to appear in International Journal of Modern Physics of
Modern Physics A. Further bibliography:M.Pavšič, The Landscape
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