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Introduction

Objectives

@ Present an introduction to some of the most important
features of the Extended Relativity theory in Clifford-spaces
(C-spaces)

@ Show that C-space "point” coordinates are non-commuting
Clifford-valued quantities which incorporate lines, areas,
volumes, hyper-volumes.... degrees of freedom associated with
the collective particle, string, membrane, p-brane,... dynamics
of p-loops (closed p-branes) in D-dimensional target
spacetime backgrounds

@ (C-space Relativity naturally incorporates the ideas of an
invariant length (Planck scale), maximal acceleration,
non-commuting coordinates, supersymmetry, holography,
higher derivative gravity with torsion and variable
dimensions/signatures. It permits to study the dynamics of
all (closed) p-branes, for all values of p, on a unified footing!
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Introduction

Some problems it solves

@ It resolves the ordering ambiguities in QFT
@ It proposes a possible solution to the problem of time in
Cosmology

© It admits superluminal propagation ( tachyons ) without
violations of causality
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Introduction

Some additional physical properties

@ A maximal-acceleration Relativity principle in phase-space

@ Relativity of signatures in spacetime

© Maxwell theory of Electrodynamics of point charges is
generalized to a theory in C-spaces that involves extended
charges coupled to antisymmetric tensor fields of arbitrary
rank

@ C-space Relativity involves a generalization of Lorentz
invariance (and not a deformation of such symmetry) involving
superpositions of p-branes (p-loops) of all possible dimensions

© The Conformal Group of four-dimensional spacetime is a
consequence of the Clifford algebra in four-dimensions

O Objects move dilationally because of inertia

@ Higher derivative Gravity with Torsion in ordinary spacetime
emerges naturaly from the Geometry of curved C-space
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C-spaces

From Minkowski Spacetime to Clifford spaces

o Firstly, we create an extended relativity theory in C-spaces,
but a natural generalization of the notion of the spacetime
interval in Minkwoski space to a manifold we call C-space
(C-spaces)requires extended objects.
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C-spaces

From Minkowski Spacetime to Clifford spaces

o Firstly, we create an extended relativity theory in C-spaces,
but a natural generalization of the notion of the spacetime
interval in Minkwoski space to a manifold we call C-space
(C-spaces)requires extended objects.We need polyvectors!

What is a polyvector?

The Clifford valued polyvector is a sum:

X = XMEy = a1+xPy, +xH v, Ayt xHIH2 10y Ay Ay
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C-spaces

From Minkowski Spacetime to Clifford spaces

o Firstly, we create an extended relativity theory in C-spaces,
but a natural generalization of the notion of the spacetime
interval in Minkwoski space to a manifold we call C-space
(C-spaces)requires extended objects.We need polyvectors!

What is a polyvector?

The Clifford valued polyvector is a sum:

X = XMEy = a1+xPy, +xH v, Ayt xHIH2 10y Ay Ay

@ Interpretation: a point in a manifold, called Clifford space,
C-space has coordinates XM.

@ The series of terms at a finite grade depending on the
dimension D. A Clifford algebra CI(r,q) with r + g = D has
2D basis elements.
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C-spaces

From Minkowski Spacetime to Clifford spaces(Il)

e For simplicity, the gammas ~+* correspond to a Clifford algebra
associated with a flat spacetime {7*,+"} = 2n*".

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

From Minkowski Spacetime to Clifford spaces(Il)

e For simplicity, the gammas ~+* correspond to a Clifford algebra
associated with a flat spacetime {*,~+"} = 2n*” . But...We
can use the construction with curved spacetimes as well! with
metric

77"} = 28"

@ Einstein introduced the speed of light as a universal absolute
invariant in order to unite space with time (to match units)
in the Minkwoski space interval:

ds? = c?dt? + dx;dx’
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C-spaces

From Minkowski Spacetime to Clifford spaces(Il)

e For simplicity, the gammas ~+* correspond to a Clifford algebra
associated with a flat spacetime {*,~+"} = 2n*” . But...We
can use the construction with curved spacetimes as well! with
metric

77"} = 28"

@ Einstein introduced the speed of light as a universal absolute
invariant in order to unite space with time (to match units)
in the Minkwoski space interval:

ds? = c?dt? + dx;dx’

The C-space interval

The C-space interval generalizes Minkovskian spacetime:

dX? = do? + dx,dx* + dx dx" + ..
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From Minkowski Spacetime to Clifford spaces(lll)

Alternative procedure:
@ Take the differential dX of X.
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C-spaces

From Minkowski Spacetime to Clifford spaces(lll)

Alternative procedure:

@ Take the differential dX of X. Compute the scalar
< dXTdX >o= dX' % dX = |dX|? and obtain the C-space
extension of the particles proper time in Minkwoski space

@ The symbol X' denotes the reversion operation and involves
reversing the order of all the basis v* elements in the
expansion of X.It is the analog of the transpose (Hermitian)
conjugation

© The C-space metric associated with a polyparticle motion is
then :

|dX|? = Gy dXMax M (1)

where Gy = E,L x Ep is the C-space metric.

|dX[? = do®+L 2 dxdxt+ L dxu, dx ... +L 2P dxgyy upy dxt o+
(2)
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From Minkowski Spacetime to Clifford spaces(IV)

@ Neccesary introduction:
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C-spaces

From Minkowski Spacetime to Clifford spaces(IV)

@ Neccesary introduction: Planck scale L. It is length
parameter is needed in order to tie objects of different
dimensionality together: 0-loops, 1-loops,..., p-loops.

@ This procedure can be carried to all closed p-branes (p-loops)
where the values of pare p=10,1,2,3,.... The p =0 value
represents the center of mass and the coordinates x*¥, x*¥7...
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Connection to strings and p-branes

@ Closed string ( 1-loop) in D-dimensions is represented by
projections x*":
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Connection to strings and p-branes

@ Closed string ( 1-loop) in D-dimensions is represented by
projections x*¥: areas enclosed by the projections of the
closed string (1-loop) onto the corresponding embedding
spacetime planes (antisymmetric variables).

@ Closed membrane ( 2-loop) in D-dim flat spacetime is
represented by the antisymmetric variables x*7:
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C-spaces

Connection to strings and p-branes

@ Closed string ( 1-loop) in D-dimensions is represented by
projections x*¥: areas enclosed by the projections of the
closed string (1-loop) onto the corresponding embedding
spacetime planes (antisymmetric variables).

@ Closed membrane ( 2-loop) in D-dim flat spacetime is
represented by the antisymmetric variables x**?: volumes
enclosed by the projections of the 2-loop along the
hyperplanes of the flat target spacetime background.

o Note that D- Planck scale is Lp = (Gy)Y(P=2)_ In natural
units i = ¢ = 1, taking the limit D = oo, transform our finite
Lp into Ly, = G® =1 (assuming a finite value of G).
Conclusion: in D = oo the Planck scale has the natural value
of unity. ( To avoid any serious algebraic divergence problems
we shall focus solely on a finite value of D.)
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C-spaces

Lorentz-like polyrotations in C-spaces

C-space polyrotation
The analog of Lorentz transformations in C-spaces which transform
a polyvector X into another polyvector X’ is given by

X' = RXR™!

Theta boosts

R = e”"Er = exp [(01 + 0", + 01725, Aypy.....)
R =eEr— exp [— (8] + 6", + 672, A yyy.....)
where the theta parameters are the components of the

Clifford-valued parameter © = OMEy;: 0; 0*; 0, .... and they are
the C-space version of the Lorentz rotations/boosts parameters.
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C-spaces

Lorentz-like polyrotations in C-spaces(l1)

The analog of an orthogonal matrix in Clifford spaces is Rt = R~1
such that

< X'TX' >=< (RTHXTRIRXR™! >,=
< RXTXR™! >,=< XX >,= invariant
Rt = R~ will restrict the type of terms allowed inside the

exponential defining the rotor R because the reversal of a p-vector
obeys the identity
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C-spaces

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[0” Ep].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : || X||> = Trace X?
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C-spaces

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[0” Ep].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : || X||> = Trace X?

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X'* = Trace [RX2R™Y] = Trace [RR™1X?] = Trace X?

Norms (traces) are invariant and RR™! =1
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C-spaces

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[0” Ep].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : || X||> = Trace X?

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X'* = Trace [RX2R™Y] = Trace [RR™1X?] = Trace X?

Norms (traces) are invariant and RR™! =1
Polyrotations of polyvectors preserve the norm:

1X2]| =< X'IX' >=< R-YXIRIRXR"! >,=
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C-spaces

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[0” Ep].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : || X||> = Trace X?

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X'* = Trace [RX2R™Y] = Trace [RR™1X?] = Trace X?
Norms (traces) are invariant and RR™! =1
Polyrotations of polyvectors preserve the norm:

I1X2)| =< XTX >=< R-YXIRIRXR™L >,=

< RXTXR™! >=< XTX >4= || X?||
< RXTXR™1 > =< XX >

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Polyrotations and traces in C-spaces

Only those terms that change sign ( under the reversal operation )
are permitted in the exponential defining R = exp[0” Ep].

The polyvector norm

The norm of a polyvectors is defined with aid of the trace
operation : || X||> = Trace X?

The norms of polyvectors transform accordingly to C-space
polyrotations:

Trace X'* = Trace [RX2R™Y] = Trace [RR™1X?] = Trace X?
Norms (traces) are invariant and RR™! =1
Polyrotations of polyvectors preserve the norm:

I1X2)| =< XTX >=< R-YXIRIRXR™L >,=

< RXTXR™! >=< XTX >4= || X?||
< RXTXR™ >=< XTX >, QE.D.
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C-spaces

The Polyparticle Dynamics in C-space

© An extended object is modeled by the components
o, x* x*v ... of the Clifford valued polyvector
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C-spaces

The Polyparticle Dynamics in C-space

© An extended object is modeled by the components
o, x* x*v ... of the Clifford valued polyvector

@ From Minkowski spacetime, can in general be localized not
only along space-like, but also along time-like directions.E.g.:
we have “instantonic” p-loops ( space-like or time-like ), long
and finite (solitonic) tube-like objetcs.
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C-spaces

The Polyparticle Dynamics in C-space

© An extended object is modeled by the components
o, x* x*v ... of the Clifford valued polyvector

@ From Minkowski spacetime, can in general be localized not
only along space-like, but also along time-like directions.E.g.:
we have “instantonic” p-loops ( space-like or time-like ), long
and finite (solitonic) tube-like objetcs.

© In Minkowski spacetime M, —which is a subspace of C-space—
we observe the intersections of Clifford lines with My lines. All
conservation laws hold in C-space where we have infinitely
long world “lines” or Clifford,and some intersections appear as
localized extended objects, p-loops, ....
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C-spaces

The Polyparticle Dynamics in C-space: action principle

Extended object’s action principle
I=r / dr (X1 % X)Y2 = / dr (XAXa)H/2

where k is a constant, “mass”-like term in C-space, and 7 is an
arbitrary parameter.
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C-spaces

The Polyparticle Dynamics in C-space: action principle

Extended object’s action principle

= n [dr (X1 4 X)12 = i [ dr (RA%0)12

where k is a constant, “mass”-like term in C-space, and 7 is an
arbitrary parameter.

The C-space velocities XA = dX”/dr = (o, x*, %" ...) are also
called “holographic” velocities.

Extended object’s equations of motion

d (x4 N\ _,
dr ‘/XBXB

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Remarks

Important remarks:

e Taking XBXg = constant # 0 we have that XA =0, so that
xA(7) is a straight worldline in C-space.
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@ The components x” then change linearly with the parameter
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Remarks

Important remarks:

e Taking XBXg = constant # 0 we have that XA =0, so that
xA(7) is a straight worldline in C-space.

@ The components x” then change linearly with the parameter
T.

@ The extended object position x*, effective area x*¥, 3-volume
x4 _yolume xHV8  etc., they all change with time.
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C-spaces

Remarks

Important remarks:
e Taking XBXg = constant # 0 we have that XA =0, so that
xA(7) is a straight worldline in C-space.

@ The components x” then change linearly with the parameter
T.

@ The extended object position x*, effective area x*¥, 3-volume
x4 _yolume xHV8  etc., they all change with time.

o Faster than light motion is possible in C-space!

Juan Francisco Gonzalez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Motion in C-space

A polyparticle can be accelerated to faster than light speeds as
viewed from a 4-dimensional Minkowski space, which is a subspace
of C-space.
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C-spaces

Motion in C-space

A polyparticle can be accelerated to faster than light speeds as
viewed from a 4-dimensional Minkowski space, which is a subspace
of C-space.

Canonical momentum of the polyparticle action

KX

P = =
AT (XBXg)L/2
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C-spaces

Motion in C-space

A polyparticle can be accelerated to faster than light speeds as
viewed from a 4-dimensional Minkowski space, which is a subspace
of C-space.

Canonical momentum of the polyparticle action

KX

P = =
AT (XBXg)L/2

When the denominator is zero the momentum becomes infinite. It
happens when it reaches the maximum speed that an object
accelerating in C-space can reach.
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C-spaces

Motion in C-space(ll)

Line element and polymomentum

dx®\? dx1\? dxO1\ 2 dx12\ 2
A 2
il S ESLE S

dx123) 2 dx0123\ 2
(55 ) - (Z5) +-=0
I i
@ Vanishing of XBXg is equivalent to vanishing of the above
C-space line element and by “..." we mean the terms with the

remaining components such as x2, x01 x23 X012 etc.
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C-spaces

Motion in C-space(ll)

Line element and polymomentum
dx0\? dxt\ 2 dx01\ 2 dx12\ 2
dXAdXa=do*+— | —-(—) - (=] —+|[—) -
e () -(T) (%) (%)
dx123) 2 dx0123\ 2
(55 ) - (Z5) +-=0
I i
@ Vanishing of XBXg is equivalent to vanishing of the above

C-space line element and by “..." we mean the terms with the
remaining components such as x2, x01 x23 X012 etc.

@ The C-space metric is Gypy = E,L * Epn and if the dimension
of spacetime is 4, then x°123 is the highest grade coordinate.
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C-spaces

Motion in C-space(lll)

V2= — (Ld0>2 + (dxl)z + (dx01>2...
dt dt L2
1dx12\? 1 dxi23\? 1 dx0123) 2
=== Flm—=]) Flsg—7—] =
<L dt ) <L2 dt ) <L3 dt )
We find that the maximum speed is the maximum speed is given
by V2 = ¢? The maximum speed squared V2 contains not only the
components of the 1-vector velocity dxl/dt, but also the
multivector components such as dx'?/dt, dx*?3/dt, ... The
following special cases when only certain components of the

velocity in C-space are different from zero, are of particular
interest.
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C-spaces

Motion in C-space(1V)

Maximum 1-vector speed

d 1
% —c=3.0x10%m/s
d 123
)th =1?c=77x10"m3/s

\

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Motion in C-space(1V)

Maximum 1-vector speed

d 1
% —c=3.0x10%m/s
d 123
)th =1?c=77x10"m3/s

\

And we have as well...
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C-spaces

Motion in C-space(1V)

Maximum 3-vector diameter speed

d/x123
t

— g =43 1072'm/s
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C-spaces

Motion in C-space(1V)

Maximum 3-vector diameter speed

d/x123
N —43x102m/s

dt )
Maximum 4-vector speed
dfx0123

= [3c=12x10""m*/s

\
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C-spaces

Motion in C-space(V)

Some additional remarks follow:

@ The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M.
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C-spaces

Motion in C-space(V)

Some additional remarks follow:
@ The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M.
@ In C-space a particle has extra degrees of freedom, besides
the translational degrees of freedom.
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C-spaces

Motion in C-space(V)

Some additional remarks follow:
@ The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M.
@ In C-space a particle has extra degrees of freedom, besides
the translational degrees of freedom.
@ In C-space the dynamics refers to a larger space. Minkowski
space is just a subspace of C-space. So...
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C-spaces

Motion in C-space(V)

Some additional remarks follow:

@ The speed of light is no longer such a strict barrier as it
appears in the ordinary theory of relativity in M.

@ In C-space a particle has extra degrees of freedom, besides
the translational degrees of freedom.

@ In C-space the dynamics refers to a larger space. Minkowski
space is just a subspace of C-space. So...

@ Tachyon dynamics and causality breakdown should be revised
from a C-space framework!
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C-spaces

Clifford algebra based geometric calculus in curved

space(time)

O Clifford algebra is a very useful tool for description of
geometry, especially of curved space V.

Juan Francisco Gonzalez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Clifford algebra based geometric calculus in curved

space(time)

O Clifford algebra is a very useful tool for description of
geometry, especially of curved space V.

@ Let the vector fields v, i = 1,2,..., n be a coordinate basis in
V, satisfying the Clifford algebra relation
1
YoM = 5('7//71/ + YY) = G

where g, is the metric of V),. In curved space 7, and g,
cannot be constant but necessarily depend on position x*.An
arbitrary vector is a linear superposition

a=a'y,

where the components a* are scalars from the geometric point
of view, whilst v, are vectors.
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C-spaces

Clifford algebra based geometric calculus in curved

space(time)(Il)

Vector derivative
0 =+"0,

where 0, is an operator whose action depends on the quantity it
acts on

Applying the vector derivative O on a scalar field ¢ we have
0¢ = 'Vuaud)

where 0,0 = (0/0x")¢ coincides with the partial derivative of ¢.
But if we apply it on a vector field a we have

0a =~"0u(a"v) = (9" + @ 0um)
In general vy, is not constant; it satisfies the relation

8;/71/ = rzu'ya au'yy = 7I—Za’7a
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C-spaces

Covariant derivatives with Clifford calculus(l)

0a = My, (Opa” +T},,3%) =" Dua” =v"v"Dya,

where D,, is the covariant derivative of tensor analysis.
Decomposing the Clifford product v#+" into its symmetric and
antisymmetric part

where

is the inner product and

the outer product, so
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C-spaces

Covariant derivatives with Clifford calculus(l)

0a = My, (Opa” +T},,3%) =" Dua” =v"v"Dya,

where D,, is the covariant derivative of tensor analysis.
Decomposing the Clifford product v#+" into its symmetric and
antisymmetric part

A = A RN

where

is the inner product and

the outer product, so
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C-spaces

Covariant derivatives with Clifford calculus(l)

0a = My, (Opa” +T},,3%) =" Dua” =v"v"Dya,
where D,, is the covariant derivative of tensor analysis.
Decomposing the Clifford product v#+" into its symmetric and
antisymmetric part
VA= A A
where
(V7" + ") = g™

N

fyﬂ.fyyz

is the inner product and

the outer product, so

Juan Francisco Gonzalez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Covariant derivatives with Clifford calculus(l)

0a = My, (Opa” +T},,3%) =" Dua” =v"v"Dya,
where D,, is the covariant derivative of tensor analysis.
Decomposing the Clifford product v#+" into its symmetric and
antisymmetric part
VA= A A
where
(V7" + ") = g™
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is the inner product and
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C-spaces

Covariant derivatives with Clifford calculus(l)

0a = My, (Opa” +T},,3%) =" Dua” =v"v"Dya,
where D,, is the covariant derivative of tensor analysis.
Decomposing the Clifford product v#+" into its symmetric and
antisymmetric part
VA= A A
where
(V7" + ") = g™

N

eyt =
is the inner product and

(Y =" M)

N+~

YA =

the outer product, so
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C-spaces

Covariant derivatives with Clifford calculus(I1)

1
O0a = g" Dya, ++* Nv'D,a, = D,a" + Efy“ A~"(Dpay, — Dyay,)

Without employing the expansion in terms of vy, we have simply
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C-spaces

Covariant derivatives with Clifford calculus(I1)

1
O0a = g" Dya, ++* Nv'D,a, = D,a" + Efy“ A~"(Dpay, — Dyay,)
Without employing the expansion in terms of vy, we have simply

da=0-a+0ANa
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C-spaces

Covariant derivatives with Clifford calculus(I1)

1
O0a = g" Dya, ++* Nv'D,a, = D,a" + Efy“ A~"(Dpay, — Dyay,)
Without employing the expansion in terms of vy, we have simply

da=0-a+0ANa

Acting twice on a vector by the operator 0 we have
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C-spaces

Covariant derivatives with Clifford calculus(I1)

1
O0a = g" Dya, ++* Nv'D,a, = D,a" + Efy“ A~"(Dpay, — Dyay,)
Without employing the expansion in terms of vy, we have simply

da=0-a+0ANa

Acting twice on a vector by the operator 0 we have
90a = +"0,(7"9,)(a"Va) = 77" Ve DuDya”
= YaD,D"a" + %(7“ AV )ValDp, Dy]a”
= YaDuD"a* + " (Rypa” + Kl Dpa®)

1
+§(’7/’L A f}/y N Fya)(RfLéupap + KﬁVDPaa)
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C-spaces

Curvature, torsion and final results

From the equation:
[Du, Dy]a® = Rup®a” + Ky’ Dpa®

and
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C-spaces

Curvature, torsion and final results

From the equation:
[Du, Dy]a® = Rup®a” + Ky’ Dpa®

We have the curvature R,,,“ = ([0a, 98]7Y,) - v” and
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C-spaces

Curvature, torsion and final results

From the equation:
[Du, Dy]a® = Rup®a” + Ky’ Dpa®

We have the curvature R,,,,“ = ([0a, 98]V,) - v” and the torsion
K" = r/pw - rﬁu
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C-spaces

Curvature, torsion and final results

From the equation:
[Du, Dy]a® = Rup®a” + Ky’ Dpa®

We have the curvature R,,,,“ = ([0a, 98]V,) - v” and the torsion
K" = r/pw - rﬁu

The result for arbitrary covariant derivatives acting onto an
r-vector A = a*"* v, Yay---Va, 1S

90...0A = (Y0, ) (V"2 Opp) -+ (V" O ) (@ Yoy Yoz Yo, )
= Y2 A Yo Yas Yoy Duy Dyy - Dy @™ "
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C-spaces

Clifford algebra based geometric calculus

If we rewrite H as H = %p2 where p = 7#p,, is the momentum
vector,

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



C-spaces

Clifford algebra based geometric calculus

If we rewrite H as H = %p2 where p = 7#p,, is the momentum
vector,we find that there is no ambiguity in writing the square

p?!
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C-spaces

Clifford algebra based geometric calculus

If we rewrite H as H = %p2 where p = 7#p,, is the momentum
vector,we find that there is no ambiguity in writing the square
p?!When acting with H on a scalar wave function ¢ we obtain the
unambiguous expression

A
(000,06 = — 5 DuD
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C-spaces

Clifford algebra based geometric calculus

If we rewrite H as H = %p2 where p = 7#p,, is the momentum
vector,we find that there is no ambiguity in writing the square
p?!When acting with H on a scalar wave function ¢ we obtain the
unambiguous expression

A
Ho = fp% = f( iV (7"0u)(7" 90)$ = =5 DuD"

in which there is no curvature term R.
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C-spaces

Clifford algebra based geometric calculus

If we rewrite H as H = %p2 where p = 7#p,, is the momentum
vector,we find that there is no ambiguity in writing the square
p?!When acting with H on a scalar wave function ¢ we obtain the
unambiguous expression

A
Ho = fp% = f( iV (7"0u)(7" 90)$ = =5 DuD"

in which there is no curvature term R. We expect that a term with
R will arise upon acting with H on a spinor field 1.
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C-spaces

Curvature of C-space and spacetime curvature

Let be a polyvector A = AAEA = sy + a%v, + a®Pyq A Y8 + ...

The polyderivative

A A
DA™ 0A 474 AC
DXB — 9XxB
DAA
where we defined D = = [D,, D, A
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C-spaces

Curvature of C-space and spacetime curvature(ll)

wa = [Dy, Du]s = KyuP0,s

o
? v [Dﬂv Dl/]aa = R,uzzpaap + K‘uprpaa

Ds Os

Dxtv — 9xkv

Da* da” Fo _

Dxtv aX,uI/ + [ﬂl’]P -
0a®

OxHv + Rup®a”

where f([)fw]p has been identified with curvature.
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C-spaces

Curvature of C-space and spacetime curvature(ll)

oy = [Du D = K dps

=[D,,D,)a* = Ru,*a” + Ku’D,a”

Ds Os

Dxtv — 9xkv

Da* da” Fo _

Dxtv aX,uI/ + [ﬂl’]P -
0a®

OxHv + Rup®a”

where fﬁw p has been identified with curvature.The dependence of
coefficients s and a® on x*¥ indicates the presence of torsion. On

the contrary, when basis vectors 7, depend on x*” this indicates
vector space has non vanishing curvature.

Extended Relativity in C-spaces: A progress report
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Quantization

The momentum constraint in C-space

The D=4 polyvector

X =0+ x v, + " v A + P57, + 575
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Quantization

The momentum constraint in C-space

The D=4 polyvector

K = @ 53, <2 3 A A A 4= & A S

v

The D=4 polymomentum

P = p+ py, + Sy, Ay + sy, + mys
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Quantization

The momentum constraint in C-space

The D=4 polyvector

K = @ 53, <2 3 A A A 4= & A S

v

The D=4 polymomentum

P = p+ py, + Sy, Ay + sy, + mys

Note the absent extra terms in Minkovskian relativity
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Quantization

The momentum constraint in C-space

The D=4 polyvector

K = @ 53, <2 3 A A A 4= & A S

v

The D=4 polymomentum

P = p+ py, + Sy, Ay + sy, + mys

Note the absent extra terms in Minkovskian relativity

The D=4 polymomentum constraint

PAPA = ,u2 =k G = 25 S Ak i = m? = M?
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Quantization

C-space Klein-Gordon and Dirac Wave Equations

Polymomentum correspondence principle

) —_/(6 o 0

- - - o A
30’8X“’8XW’"”> V(xH) — W (x™)
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Quantization

C-space Klein-Gordon and Dirac Wave Equations

Polymomentum correspondence principle

a_l_(aa )

Pas i ) W) - W(x4)

OXA "\ 9o’ oxk dxiw’

C-space Klein-Gordon wave equation

02 02 02 )
<802 + 5z, Baang Tt M > =0

v
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Quantization

C-space Klein-Gordon and Dirac Wave Equations

Polymomentum correspondence principle

PA—>—I

. 0 (0 0 0
oxA =~

=z 7 % A
B B’ axl””“) V(xH) — W (x™)
C-space Klein-Gordon wave equation

02 02 02 )
<(%2 + 5z, Baang Tt M > =0

C-space Dirac wave equation

1
QJ
(o))
A\

0
z -
(an” o +* A 5, )w My

A\
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Quantization

C-space Klein-Gordon and Dirac Wave Equations

Polymomentum correspondence principle

PA—>—I

9 N,
oxA !

=z 7 % A
B B’ axl””“) V(xH) — W (x™)
C-space Klein-Gordon wave equation

02 02 02 )
<(%2 + 5z, Baang Tt M > =0

C-space Dirac wave equation

1
QJ
(o))
A\

0
z -
(an” o +* A 5, )w My

A\

Note we used natural units in which h=1,c=1
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Max-Accel

Clifford algebras in Phase space

In 2-dim phase space we have...
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Max-Accel

Clifford algebras in Phase space

In 2-dim phase space we have...

C-phase space relations

€p€g = €p.q +epNeg =0+ e, Neg =1

€p.6q = ~(eqep + epeg) =0 @ = geg + peqg

5

dQdQ = (dq)® + (dp)2 = S = m / J(dq)? + (dp)?

C-phase space action in 2n-dimensions(Nesterenko)

—m [ \/ (daPda) + (- )2(dpdp,)
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Max-Accel

Nesterenko action in C-spaces and Finsler geometry

Nesterenko action: alternative forms

S= m/ dT\/l + (é)%dpﬂ/df)(dpu/dﬂ

5 m/dT\/l - L2(x [ dr2)(dPxd7?)
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Max-Accel

Nesterenko action in C-spaces and Finsler geometry

Nesterenko action: alternative forms

S= m/ dT\/l + (é)z(dpﬂ/df)(dpu/dr)

5 m/dT\/l - L2(x [ dr2)(dPxd7?)

Nesterenko action and Finsler geometry

2
5= m/dT\/l T a-2(dPxk [dr2)(d2x, d72) = m/dﬂ/l £
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Max-Accel

Nesterenko action in C-spaces and Finsler geometry

Nesterenko action: alternative forms

S= m/ dT\/l + (é)z(dpﬂ/df)(dpu/dr)

5 m/dT\/l - L2(x [ dr2)(dPxd7?)

Nesterenko action and Finsler geometry

2
5= m/dT\/l T a-2(dPxk [dr2)(d2x, d72) = m/dﬂ/l £

dw = \/gm,(xl’“, dxH)dxtdx? —

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



Max-Accel

Nesterenko action in C-spaces and Finsler geometry

Nesterenko action: alternative forms

S= m/ dT\/l + (é)z(dpﬂ/df)(dpu/dr)

5 m/dT\/l - L2(x [ dr2)(dPxd7?)

Nesterenko action and Finsler geometry

2
5= m/dT\/l T a-2(dPxk [dr2)(d2x, d72) = m/dﬂ/l £

dw = \/gw(xu7 dx#)dxtdx? — S = m/ dw <> Finsler metric
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Max-Accel

Invariance under the U(1,3) Group

Phase spacetime interval(Born,Low,...)

(do)? = (dTY? — (a2 + L (Y
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Invariance under the U(1,3) Group

Phase spacetime interval(Born,Low,...

2 2
(dor)? = (dT)2 — (ax)2 + V(9P
5 (dE/dT)? — (dP/dT)>? m?g?(7)
(d7)7 1+ 2 ] =(dr )[—m]
_ /& & . ma
£= §+E tanh{-m

where Apax = c2/Lp and we have a maximal force
Fmax = mpAmax

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



Max-Accel

Phase space relativistic transformations

Born's duality

(T,X)—(E,P) (E,P)—(-T,-X)

Juan Francisco Gonzilez Hernandez ( Based on previous work Extended Relativity in C-spaces: A progress report



Max-Accel

Phase space relativistic transformations

Born's duality

(T,X)—(E,P) (E,P)—(-T,-X)

A

Pure acceleration boosts (Generalized Born transformations)

P
T' = Tcoshé + Esinhg E' = Ecosh¢ — bXsinh¢

E
X' = Xcosh¢ — Esinhf P" = Pcosh¢ + bTsinhé
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Max-Accel

Phase space relativistic transformations

Born's duality

(T,X)—(E,P) (E,P)—(-T,-X)

v

Pure acceleration boosts (Generalized Born transformations)

P
T' = Tcoshé + Esinhg E' = Ecosh¢ — bXsinh¢

E
X' = Xcosh¢ — Esinhf P" = Pcosh¢ + bTsinhé

Composition rules for boosts

=
<

€' = £+ & = tanhe” = tanh(¢ + ¢') = EhEHahe

/
ma ma
& A A
meA = 1 atar 0 Sy =&, =648, =6+
+ mQPAZ

Juan Francisco Gonzilez Hernandez ( Based on previous work
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Max-Accel

Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
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Max-Accel

Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)
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Max-Accel
Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)

o AX'AP' =0 x co = AXAP(cosh?¢ — sinh?¢) = AXAP =
Lp

Lp:1
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Max-Accel
Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)
o AX'AP' =0 x 0o = AXAP(cosh?¢ — sinh?¢) = AXAP =

e —1

P

o AT'AE = o x 0 = ATAE(cosh?¢ — sinh®¢) = ATAE =
Le —1
Ip —
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Max-Accel
Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)
o AX'AP' =0 x 0o = AXAP(cosh?¢ — sinh?¢) = AXAP =

=1

P

o AT'AE' = 00 x 0 = ATAE(cosh?¢ — sinh?¢) = ATAE =
L
ﬁ =1

o AX'AT =0 x co = AXAT(cosh’¢ — sinh?¢) = AXAT =
(Lp)?
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Max-Accel
Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)
o AX'AP' =0 x 0o = AXAP(cosh?¢ — sinh?¢) = AXAP =

=1

P

o AT'AE' = 00 x 0 = ATAE(cosh?¢ — sinh?¢) = ATAE =
L
ﬁ =1

o AX'AT =0 x co = AXAT(cosh’¢ — sinh?¢) = AXAT =
(Lp)?

o AP'AE' = 00 x 0 = APAE(cosh?¢ — sinh®¢) = APAE = L%
P
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Max-Accel
Planck-Scale Areas are invariant under Acceleration Boosts

o AT’ = Lp(cosh + sinh¢), AE" = = (coshé — sinhf)
o AX' = Lp(cosh¢ — sinh¢), AP’ = {-(coshé + sinhé)
o AX'AP' =0 x 0o = AXAP(cosh?¢ — sinh?¢) = AXAP =

=1

P

o AT'AE' = 00 x 0 = ATAE(cosh?¢ — sinh?¢) = ATAE =
L
ﬁ =1

o AX'AT =0 x co = AXAT(cosh’¢ — sinh?¢) = AXAT =
(Lp)?

o AP'AE' = 00 x 0 = APAE(cosh?¢ — sinh®¢) = APAE = L%
P

are invariant under infinite acceleration boosts since
(coshé + sinh€)(coshé — sinh¢) = cosh?¢ — sinh?¢ = 1
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C-space ED

C-space Maxwell Electrodynamics(l)

@ C-space electrodynamics generalize Maxwell’s theory:
F=dA, dF =0
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C-space ED

C-space Maxwell Electrodynamics(l)

@ C-space electrodynamics generalize Maxwell’s theory:
F=dA, dF =0

@ Abelian C-space electrodynamics is based on the polyvector
field

A=ANEN = ¢+ A"+ Ayt AV F o= (0, Ay Ay )
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C-space ED

C-space Maxwell Electrodynamics(l)

@ C-space electrodynamics generalize Maxwell’s theory:
F=dA, dF =0

@ Abelian C-space electrodynamics is based on the polyvector
field

A=ANEN = ¢+ A"+ Ayt AV F o= (0, Ay Ay )
© Defining the C-space operator (M, N =1,2,...,2P)
d=EMoy = 10, + "0, + 1" A7 Ox,, + ...

Xuv
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C-space ED

C-space Maxwell Electrodynamics(l)

@ C-space electrodynamics generalize Maxwell’s theory:
F=dA, dF =0

@ Abelian C-space electrodynamics is based on the polyvector
field

A=ANEN = ¢+ A"+ Ayt AV F o= (0, Ay Ay )
© Defining the C-space operator (M, N =1,2,...,2P)
d=EMoy = 10, + "0, + 1" A7 Ox,, + ...

@ The generalized field strength in C-space is:
F=dA=EMay(ENAN) = EMENoyAN =
1 1
E {EM, EN} OMAN + E [EM, EN:| OMmAN =

1 M N 1 M N

> Fom) {E E } + 5 Fin [E E ]
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C-space ED

C-space Maxwell Electrodynamics(Il)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product
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C-space ED

C-space Maxwell Electrodynamics(Il)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product

1 1
Founy = E(aMAN + OnAM) Fun = E(aMAN — OnAm)
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C-space ED

C-space Maxwell Electrodynamics(Il)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product

1 1
Founy = E(aMAN + OnAM) Fun = E(aMAN — OnAm)

and now...
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C-space ED

C-space Maxwell Electrodynamics(Il)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product

1 1
Founy = E(aMAN + OnAM) Fun = E(aMAN — OnAm)

and now...

C-space Maxwell-like action

I[A] = / [DX] Fypang FMM
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C-space ED

C-space Maxwell Electrodynamics(Il)

We did a decomposition in symmetric and antisymmetric parts of
the strength field in C-space with the aid of geometric product

1 1
Founy = E(aMAN + OnAM) Fun = E(aMAN — OnAm)

and now...

C-space Maxwell-like action

I[A] = / [DX] Fypang FMM

with measure

[DX] = (do)(dx%dx?...)(dx% dx?2...)....(dx"1%P)
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C-space ED

C-space Maxwell Electrodynamics(lII)

The C-space Maxwell action is invariant under...
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The C-space Maxwell action is invariant under...

C-space gauge transformations

A/M = Ay + O

and the minimal matter-field coupling interacting term after
absorbing constants is similar to the coupling of p-branes to
antisymmetric fields!

/AdeM = /[DX]JMAM
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C-space ED

C-space Maxwell Electrodynamics(IV):equations and

generalizations

C-space Maxwell equations

O FMM = N gy oy FIMM = 0 = oy N = 0

v

C-space generalized actions and equations

The C-space Maxwell action is only a piece of the more general
C-space action:
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C-space ED

C-space Maxwell Electrodynamics(IV):equations and

generalizations

C-space Maxwell equations

O FMM = N gy oy FIMM = 0 = oy N = 0

v

C-space generalized actions and equations

The C-space Maxwell action is only a piece of the more general
C-space action:

I1A] = / [DX] FT % F = / [DX] < FIF > ata

and the non abelian equations should be written as

F=DA= (dA +Ae A) EM [ ] EN = EMEN — (—1)5MSNENEM

v
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Cliff-Unification

The CI(1,3) algebra in D=4

The Clifford CI(1,3) algebra associated with the tangent space of
a 4D spacetime M is defined by {I'5,[,} = 27, such that

T2, Tp] =2Tap, Ts = —iToT1 T2, (Ts)> = 1; {Is,Ta} =0

1
[abcd = €abed [5; Tap = 5 (rarb - rbra)
I_abc = €abcd s rd; I_abcd = €abcd s
1
ol = Tap+nap; Tap s = 5 €abed red
b T = Tlbc M, — Nac [+ €abed 5 rd;
e Tab = Nac Tb— Nbe Ta+ €abed T's [
FaThTc = Nab Tc+Mbe Ta— Naclb + €abed M5 T

1
[ Teg = g Ts 407 Ty — 2025 025 = 5 (6205 — 6362)
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Cliff-Unification

The CI(1,3) polyvectors

The C-space antihermitian gauge field 1-form

A = (iau1+ibu s + el T, +if2 T, 5 + Jwib Fab> dx*

|
| :
A

The C-space strength 2-form

1
Fuw = i Fay 1 i FoTs + F,Ta +i FTals + 2F20 Tap

where F =1 F,, dx* A dx”

A
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Cliff-Unification

2-form C-space curvature

The C-space strength 2-form components

Fl, = 0ua, — 8yau FS, = dub, — b, +2€2f0 — 2€2f,sa

Fi, = Ouel —0Ove) + wzbeyb — wibe,p + 2f,b, — 2£7by,

F3 = 0uf? — 0,f7 + wPh, — wiPfup, + 2e5b, — 2e3by,

0

F,‘jly’ = 8ﬂw§b + wiw,c big (e;’e,f’ — faf,/b) — .
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Cliff-Unification

2-form C-space curvature

The C-space strength 2-form components

Fl, = 0ua, — 8yau FS, = dub, — b, +2€2f0 — 2€2f,sa

Fi, = Ouel —0Ove) + wzbeyb — wibe,p + 2f,b, — 2£7by,

F3 = 0uf? — 0,f7 + wPh, — wiPfup, + 2e5b, — 2e3by,

w'v

F,‘jly’ = J,wF —I—Lujcw,jcb +4 (e;’e,f’ — fafb) — .

We have obtained Maxwell electromagnetism plus additional extra
terms
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Cliff-Unification

The CI(1,3) scalar matter field

The C-space dimensionless anti-Hermitian scalar matter field
polyvector

O(xH) = dA(x*) T4
= i¢gM1 4+ ¢, + ¢ T +id® T, +i¢® I

so that the covariant exterior differential is
da ® = (dy ) T¢c = (au o€ 4+ AN 0B fABC) Mc dx”

where

[AL, ] = AL OB [y, Tg] = AL 8 £, Tc
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Cliff-Unification

The C(1,3) actions

The C-space scalar piece of the action

h = / d*x e < O FE FCTaTg e >0
My

where the operation < ....... >o denotes taking the scalar part of
the Clifford geometric product of T4 I'g ¢

| A

The C-space Chern-Simons type piece

b _/ < OF dOA N dOB N dOC A dPL Te T4 T T Tpp >0
My

V.
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Cliff-Unification

The C(1,3) actions(Il)

The Higgs potential type piece

= / < dONdPENID NdDOPNIDET (AT BT Tl g >0 V =
Ms

—/ dO5 A dd? A dOP A ddC A dd9 e pey V(P) + ...
Ms

where
A 2 >
V_V(CD)_/-@((DACD —v)

and

da 04 = 61 g1y + 7 da+ ¢ Pap + 6™ a5 + 6O g5
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Cliff-Unification

Final action

The total action in D=4 is then

4
h+b+hk = 5v/ d*x <Fab AF9 peq + FO A FG) 4 Fap ,_-35) =
M

4
v [ (RE e+ FED 4 R R ) @
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Cliff-Unification

Final action

The total action in D=4 is then

4
h+b+hk = 5v/ d*x (Fab AF9 peq + FO A FG) 4 Fap ,_-35) =
M

4
v [ (RE e+ FED 4 R R ) @

Einsteins's convention is assumed on indices
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Cliff-Unification

Field equations

Varying l + l + I3 w.r.t the remaining scalars ¢!, ¢?, ¢?°, $?°, and
taking into account the v.e.v which minimize the potential,

<) >=v;< ¢ >=< ¢? >=< ¢ >=< $* >=0

Field equations

2FLAFE + FOAFD + FOAFG) L FAAF, + FBAFs = 0

FOANF? 4 FRPAFC . = 0
FONFap + FEAF?® €apeg = 0
FOAFs + FPSAF? €apeg = 0
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Cliff-Unification

Generalized polyvector valued gauge fields

X = o1 4+ xY" + Xy VAV + Xy pops Y AYRAYE AL

E.g.: Polyvector valued gauge field in CI (5,C)

Apm(X) = AL (X) T/ is spanned by 16 + 16 generators. The
expansion of the poly-vector .Afv, is also of the form

Ay = ol 1+ AL Y+ A;quz YAy 4+ A/quzuz YAYFAYHS + .
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E.g.: Polyvector valued gauge field in CI (5,C)

Apm(X) = AL (X) T/ is spanned by 16 + 16 generators. The
expansion of the poly-vector Afv, is also of the form

Ay = ol 1+ AL Y+ A;quz YAy 4+ A/quzuz YAYFAYHS + .

Remember: In order to match units, a length scale needs to be
introduced in the expasion.
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Generalized polyvector valued gauge fields

X = o1 4+ xY" + Xy VAV + Xy pops Y AYRAYE AL

E.g.: Polyvector valued gauge field in CI (5,C)

Apm(X) = AL (X) T/ is spanned by 16 + 16 generators. The
expansion of the poly-vector .Afv, is also of the form

Ay = ol 1+ AL Y+ A;quz YAy 4+ A/quzuz YAYFAYHS + .

Remember: In order to match units, a length scale needs to be
introduced in the expasion.The Clifford-algebra-valued gauge field
AL(X“)F/ in ordinary spacetime is naturally embedded into a far
richer object Aj,(X) .
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Cliff-Unification

Generalized polyvector valued gauge fields

X = o1 4+ xY" + Xy VAV + Xy pops Y AYRAYE AL

E.g.: Polyvector valued gauge field in CI (5,C)

Apm(X) = AL (X) T/ is spanned by 16 + 16 generators. The
expansion of the poly-vector .Afv, is also of the form

Ay = ol 1+ AL Y+ A;quz YAy 4+ A/quzuz YAYFAYHS + .

Remember: In order to match units, a length scale needs to be
introduced in the expasion.The Clifford-algebra-valued gauge field
AL(X“)F/ in ordinary spacetime is naturally embedded into a far
richer object A,(X) .The scalar ®/ admits the 25 = 32
components ¢, ¢, LIl plikl LIkl plikiml of Cj(5, C) spacel
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Conclusions

Summary and conclusions:C-space as an alternative tool

for unification

@ The advantage of recurring to C-spaces associated with the
4D spacetime manifold is that one can have a (complex)
Conformal Gravity, Maxwell and U(4) x U(4) Yang-Mills
unification in a very geometric fashion.
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Conclusions

Summary and conclusions:C-space as an alternative tool

for unification

@ The advantage of recurring to C-spaces associated with the
4D spacetime manifold is that one can have a (complex)
Conformal Gravity, Maxwell and U(4) x U(4) Yang-Mills
unification in a very geometric fashion.

@ Every physical quantity is a polyvector!( Scalar, vector,
bivector,...,r-vector,...,pseudovector)

@ C-space dynamics is richer than ordinary Minkovskian
dynamics. It has extra terms without any dimensional
reduction, both in C-space gravity and C-space
electrodynamics and YM like theories.

@ Tachyon dynamics and known physical mechanisms ( Higgs,
CS terms, field equations ...) should be revised from this
framework.

@ Planck areas are invariant under infinite boosts rotations.
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Conclusions

Conclusions(I1):C-space as an alternative tool for

unification(I1)

@ A maximal force ( accelaration) principle and phase space
duality are present in the theory.

@ We saw how the order ambiguity used using Clifford calculus
is solved and how the torsion neccesarily appeared in the
gravitational sector.

@ A unified description of all p-branes and dimensions on equal
footing.

@ Polyvector actions as toy models and relations the Standard
Model. Although CI(1,3) is not enough for unification with

gravity, further Clifford algebras and groups could accomplish
it!
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Conclusions

Additionat features of C-spaces not revised here...

O Relativity of signature.

@ Relations between conformal transformations and
C-spaces.SO(4,2) full group interpretation.

© Spinors are the members of left or right minimal ideals of
Clifford algebra.

Q A lower and upper scale parameters.

© Non-commutative, non-associative C-space dynamics. Loop
dynamics.

@ The cosmological constant and confinement “problems” .
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Conclusions

Present and future research on C-spaces

@ Polyvector valued gauge valued fields and generalized YM
theories. Confinement.

@ Gravity plus SM from a C-space action without or with
dimensional reduction.

o Generalized description of p-branes from Clifford spaces.

o Finsler like geometry and reciprocal relativity in C-spaces.

@ Model building and predictions/explanations of phenomena
from Clifford space relativity.

@ Relation with quaternionic, octonionic, doubly special
relativities...
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